or (r?R'
In[1]:= DSolve[M +k?r?2 + L = 0, R[r], r]

R[r]

1
Out[1]= {{R[r] - C[1] SphericalBesselJ[z— (—1 +4/1-4L ) , kr] +

1
C[2] SphericalBesselY [ —
2

2

In[2):= DSolve[at (Sin[t] T [t]) == [S' [t]
in

(-1+v1-aT), xx]}]

- LSin[t]] T[t], T[t], t]

out[2]= {{T[t] - C[1] LegendreP[l (—1+x/1+4L ), m, Cos[t}] +

2

c[2] LegendreQ[% (—l+w/1+4L), m, Cos[t]]}}

1

~ (-1+vTvarn)
2
n7= L = £ (£ + 1);
simplify[ = (-1+ VI+4E), ¢50]
2

outgl= ¢

Associated Legendre Polynomials
n14:= SPlotTheme = "Detailed";

Plot [LegendreP[0, O, Cos[6]], {©6, 0, 7}]

2.0+

1.0

Out[15]=

0.5+

0.0+

0.0 0.5 1.0 15 2.0 25 3.0
in20)= Range[-1, 1]

outeo)= {-1, 0, 1}

ne= £[#] & /@ {a, b, c}
out= {£[a], £[b], flc]}

— PB(cos(6))
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ne2j= functions = LegendreP[1l, #, Cos[6]] & /@ Range[-1, 1]
Plot [Evaluate[functions], {6, 0, 7}]

outi22)= {i—«/l-cOs[e}z , Cos[6], -4/1-Cos[6]? }

0.5

— ;— v 1-cos?(0)
cos(6)

—— =/ 1-c0s?(H)

out[23]= 00r

-05¢

i i i i i

0.0 0.5 1.0 1.5 2.0 25 3.0

ne4= functions = LegendreP[2, #, Cos[6]] & /@ Range[-2, 2]
Plot [Evaluate[functions], {6, 0, m}]

Outf24)= {5 (1-cos[e]?), 1cOs[QJ 1-Cos[0]?,
8 2
r (-1+3cCos[6]?), -3Cos[6] \/1-Cos[0]®, -3 (-1+Cos[6]?)}
2
N : :

— +(1-cos(6))
% cos(6) V1 - cos?(6)
— %(—1 + 3 cos?(6))

—— -3cos(8) V1 -cos?()

— -3(-1+cos?(6))

Out[25]=

0.0 0.5 1.0 1.5 2.0 2.5 3.0



In[32]:=

out[32]=

out[33]=
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functions = LegendreP[3, #, Cos[6]] & /@ Range[-3, 3]
Plot [Evaluate[functions], {6, 0, n}, PlotRange - All]

{i (1—Cos[8]2>3/2, —£Cos[6] (—1+Cos[9]2),

48 8

iw/l—Cos[e}z (-1+5cos[6]?),

8

73—«/17COS[9]2 (-1+5cos[6]?), -15Cos[6] (-1+Cos[6]?), -15 (1-cCos[6]?)?]

2

(-3cos[6] +5Cos[0]7%),

N |-

V1 -cos?(6) (-1+5cos?(6))

(-3 cos(6) + 5 cos®(6))

—_ -g_ V1-cos?(6) (-1+5cos?(8))
— -15cos(6) (-1 + cos?(6))

_5h

15| : : : : : 1 — -15(1-cos¥(6))*?
0.0 0.5 1.0 1.5 2.0 25 3.0

Spherical Bessel

In[82]:=

out[82]=

In[63]:=

out[63]=

Plot [Evaluate[SphericalBesselJ[#, x] & /@ Range[0, 3]],
{x, 0, 30}, PlotRange - All]

1.0 "
08l
06r — Jo(x)
J1(x)
— j2(x)
— J3(x)

6 é 1‘0 1I5 Zb 2l5 Sb
Digamos que queiramos encontrar k tal que jo (kL) = 0. Como encontrar k?

Devido as oscilagdes, nado é tarefa numérica imediata, necessita de cuidados. Uma forma razoavel-
mente simples e direta é buscar pelas raizes numéricas de SphericalBesselJ[0,x], usando pontos
finais e iniciais condizentes com o grafico acima, ou seja,

raiz[1l] = x /. FindRoot [SphericalBesselJ[0, x] == 0, {x, 1, 0, 5}][[1]]
3.14159
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In[58]:=

out[58]=

In[61]:=

out[61]=

In[75]:=

out[75]=

In[64]:=

Out[64]=

out[65]=

out[66]=

In[69]:=

out[69]=

In[70]:=

out[70]=

In[71]:=

out[71]=

In[77]:=

out[77}=

In[72]:=

out[72]=

In[73]:=

out[73]=

In[83]:=

out[83]=

raiz[2] = x /. FindRoot[SphericalBesselJd[0, x] == 0, {x, 5, raiz[1], 7}]1[[1]]
6.28319
raiz[3] = x /. FindRoot [SphericalBesselJ[0, x] = 0, {x, 8, raiz[2], 10}][[1]]
9.42478

x /. FindRoot [SphericalBesselJd[0, x] == 0, {x, 80, raiz[2], 100}][[1]]
69.115

Assim, a n-ésima raiz de jp(x) parece ser n 7t (ndo € uma demonstragédo, apenas uma inspegao).
raiz[1] /=

raiz[2] /7r

raiz[3] /7r

1.

2.
3.

Assim, os k's possiveis sdo =, 2L— 3L—"

Para j; a solugdo nao é tao simples....

raizl[1l] = x /. FindRoot [SphericalBesselJd[1l, x] == 0, {x, 1, 0, 5}1[[1]]

0.

raizl[2] = x /. FindRoot[SphericalBesselJd[1l, x] == 0, {x, 5, raizl[1], 7}]1[[1]]
4.49341

raizl[3] = x /. FindRoot[SphericalBesselJd[1l, x] = 0, {x, 8, raizl1[2], 10}][[1]]
7.72525

raizl[4] = x /. FindRoot[SphericalBesselJd[1l, x] == 0, {x, 10, raizl1[3], 15}]1[[1]]
10.9041

raizl[2] /7r
1.4303

raizl[3] /7r
2.45902

raizl[4] /=
3.47089

Existe uma relagao anlitica entre os zeros da funcido de Bessel esférica e os zeros da funcao de
Bessel ordinaria, contudo os ultimos necessitam de métodos numéricos, ndo ha forma fechada.

As raizes das fungdes ji,(x), com n > 0 ndo ocorrem com periodicidade,
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ng4= raizl[2] - raizl[1]
raizl[3] - raizl[2]
raizl[4] - raizl[3]

outs4- 4.49341
outssl- 3.23184

outsel= 3.17887



